We derive and evaluate equations of motion for the mean values and variances of the components of spins collectively coupled to a broadband squeezed radiation reservoir. Our formalism bridges between a single two-level emitter, represented by spin components that relax at different rates, depending on the degree of squeezing, to an ensemble of emitters represented by a large collective spin, whose components relax independently of the squeezing. For a single spin, the steady-state fluctuations in the transverse components are independent of the squeezing, while the steady state of a large spin ensemble reflects the statistics of the squeezed reservoir. This follows from an analysis of the Langevin noise contributions to the equations of motion and their consequences for the first and second moments of the spin operators. We argue that the difference between a single and many spins is related to whether vacuum fluctuations or radiation reaction dominate the coupling of the spin system to the radiation environment.
I. INTRODUCTION
The interaction between an atom and the quantized radiation field played a defining role in the early formulation of quantum mechanics. It constitutes the basis for absorption and emission of light, and it causes relaxation and decoherence in otherwise isolated material quantum systems. Quantum mechanics imposes uncertainty relations on non-commuting observables and when quantum theory is applied to electromagnetic fields, even the zerophoton vacuum state is equipped with electromagnetic amplitude fluctuations. While such fluctuations appear to pose a fundamental limit to, e.g., optical measurements, the development of sources producing squeezed states of light (see, e.g., [1] [2] [3] [4] ) allows higher sensitivity probing of the squeezed field quadrature [5] .
Material quantum systems have quantum degrees of freedom such as position, momentum, angular moment, and spin components with well-known uncertainty relations. Since such systems are routinely being employed in precision tests and measurements, it is an attractive possibility to squeeze the relevant degrees of freedom or to squeeze the light used to probe the system in an experiment. Examples include optomechanical devices and ensembles of atoms, molecules, and spin dopants in solids, studied for, e.g., gravitational wave detection [6] , atomic clocks [7] , and fundamental tests [8] . Furthermore, squeezed light has been demonstrated to provide improved sensitivity in spectroscopy setups [9, 10] , in biological particle tracking [11] , and recently in magnetic resonance detection [12] . Generally, squeezing in multiparticle and multimode optical systems entails entanglement, allowing squeezed states of both light and matter to find additional applications in quantum information protocols such as teleportation [13] [14] [15] .
If squeezed radiation is used to probe a quantum system, one must take the influence exercised by the field on that system into account. For example, when the fluctuations in the electromagnetic field modes are altered, so are the derived relaxation dynamics of the systems interacting with the field. Gardiner's seminal result on a single two-level system in a squeezed reservoir [16] shows how the decay of the excitation and the two transverse Bloch vector components is modified by the coupling to that reservoir. This effect has recently been observed in a super conducting qubit coupled to a squeezed vacuum microwave field produced by a Josephson parametric amplifier [17, 18] , and it is equivalently witnessed in the resonance fluorescence spectrum [19] and the steadystate inversion of a driven system [20] . A single two-level system can be represented as a spin-1/2 particle with a spin-up (excited) and a spin-down (ground) state. In the Holstein-Primakoff approximation (HPA) [21] , an ensemble of weakly excited spins is equivalent to an oscillator mode. An oscillator experiences a squeezed reservoir as Langevin noise acting asymmetrically on its two quadratures but unlike a spin-1/2 system, the relaxation of the quadratures is not affected by the squeezing, which instead manifests itself directly in their variances.
The interaction of an ensemble of atoms with a broadband squeezed reservoir of field modes has been studied theoretically with the master equation formalism (see, e.g., [22] ) and it has been shown that the collective interaction of two-level atoms with squeezed vacuum fields, which have minimum-uncertainty product of the field quadratures, leads to a pure steady state for a pair [23] and for any even number of spins [24] . These steady states are spin squeezed with minimum uncertainty product of their squeezed and anti-squeezed spin components [24] .
In this work we study the dynamics of spin systems due to their coupling to a squeezed bath. As our model system we consider a cavity subject to a squeezed vacuum input and containing either an oscillator or a system of spins to which it is linearly coupled (see Figure 1 ). Assuming the bad cavity limit, we eliminate the cavity mode and derive equations of motion for the first and second moments of the oscillator or collective spin com- ponents. Note that in the present study, the systems only couple collectively to the radiation field and experience no individual damping, which would make the collective system explore mixed states beyond the large spin Dicke states [25] . We reproduce the result of Gardiner for a single spin, and we show how an oscillator description of the ensemble becomes valid in the limit of many weakly excited spins. Our analysis unveils how the two limiting cases differ by the relative contributions of quantum (vacuum) fluctuation and of radiation reaction to the dynamics.
In Sec. II we give a detailed description of our model and derive Heisenberg equations of motion for the quantum systems of interest. In Sec. III we present our main results regarding decay rates and noise fluctuations and we discuss the results. In Sec. IV we conclude and compare the achievements of our formalism to a master equation treatment. We then discuss our results and their applications in a broader context.
II. MODEL
We consider a generic model of a quantum system coupled resonantly with strength g to a single cavity mode with field annihilation operatorâ c . The cavity serves the purpose of mediating and enhancing the coupling of the system to an input fieldb(t) incident on the cavity mirrors [26] . We focus on the case where the input is a broadband squeezed vacuum field defined by the proper-
where |M | ≤ N (N + 1). Such a field can be produced by a parametric amplifier driven in degenerate mode or by coupling of light to non-linear materials [27] . In the following we assume, without loss of generality, the phases to be aligned such that M is real and positive. As illustrated in Figure 1(d) , the field quadratureX in = b +b † has a higher variance, X 2 in = 2N + 2M + 1, than the vacuum state obtained when N = M = 0, while the variance
The input field thereby fulfills Heisenberg's uncertainty relation X 2 in Ŷ 2 in ≥ 1 with equality for all N if M = N (N + 1), which we assume in the following. Squeezed states have been demonstrated with N 4.2 corresponding to variances reduced by 12.7 dB below the vacuum level [2] .
Figure 1(a) shows a single two-level system, represented as a spin-1/2 particle by the Pauli vector of operators σ = (σ x ,σ y ,σ z ) and the associated lowering and raising operators,σ − =σ x − iσ y andσ + =σ † − , respectively. Figure 1 . If the single spin is only weakly excited, it behaves as an oscillator since the Bloch vector dynamics described by (σ x ,σ y ) is similar to the oscillator dynamics described by (X,Ŷ ) as we heuristically set σ z = −1 (remember that [σ − ,σ + ] = −σ z ). As quantified in the Holstein-Primakoff approximation introduced below, this similarity is increased as more spins are considered. To investigate the transition between the single spin and the oscillator results, we hence examine an ensemble of n spins as shown in Figure 1 (c). The total spin operator is S = n i=1 σ (i) and the excitation lowering
Notice that, since we omit the factor 1/2 on the Pauli operators, conventionally used when defining the spin observables, S/2 ( S) is (is not) an angular momentum. Symmetric states of the spin ensemble can be represented by an extension of the Bloch sphere picture of a single spin to a collective spin as shown in Figure 2 .
The Holstein-Primakoff transformation maps spin operators to bosonic creation and annihilation operators while conserving the commutation relations [21] , Figure 2 . Bloch sphere representation of a collective spin with components (Sx, Sy, Sz). The axes go from −n to n, the minimum and maximum eigenvalues for an ensemble with n spins. A spin coherent state |θ, φ is defined in terms of the Bloch angles θ and φ, [Eq. (22)].
For a large ensemble n 1 and weak excitation, the second terms in the square roots are negligible such that
This constitutes the HPA.
A. Heisenberg equations of motion
The interaction between the system and the cavity field is described by a Tavis-Cummings-type Hamiltonian [28] 
where for a single spind =σ − , for an ensemble of n spinsd =Ŝ − , and for an oscillatord =â. This yields the Heisenberg equation of motion for a general system operatorq,q
Likewise, if κ denotes the output coupling through the cavity mirrors, the quantum Langevin equation for the cavity mode is,ȧ
In the bad cavity limit (g κ), we may assume that the cavity relaxes to a steady state faster than the other relevant time scales, i.e.,ȧ c = 0, so that
This shows how the cavity field is composed of the input field and a field generated by the system inside the cavity. Althoughâ c commutes with any system operator, the individual terms in Eq. (6) do not. Accordingly, the relative contributions to the evolution of the system operator in Eq. (4) depend on the ordering ofâ ( †) c and the commutators. For a Hermitian operatorq,q must also be Hermitian. Dalibard et. al. [29] offer the insight that by requiring each part to be separately Hermitian,q can be decomposed unambiguously into two terms with distinct physical meanings. Such splitting has been applied to study the underlying mechanisms in radiative energy corrections and spontaneous emission processes [29, 30] . Pursuing this line of reasoning, we may apply Eq. (6) and rewrite Eq. (4) asq
where
describes interactions with fluctuations in the input field, and
describes electromagnetic self-reaction mediated by the cavity field.
Oscillator
We consider first the case where the system is described by an oscillator degree of freedom,d =â. Here Eqs. (8) and (9) yield for the annihilation operator,
We thus obtain the equations of motion for the oscillator quadraturesẊ
where we have introduced the Purcell rate γ p = 4g 2 /κ and an effective coupling constant λ = 2g/ √ κ. The field fluctuations, represented byb, drive the fluctuations of the oscillator quadratures while the self-reaction causes their damping.
Collective spin ensemble
Consider now the case of an ensemble of n spin-1/2 particles inside the cavity. The ensemble couples linearly to the cavity field viad =Ŝ − . By Eqs. (7)- (9), the equations of motion forŜ − andŜ z have contributions from both the field fluctuations and self reaction,
The operator terms in (Ṡ − ) ff and (Ṡ z ) ff give rise to second order processes that contribute to the same order in g 2 /κ as the processes in (Ṡ − ) sr and (Ṡ z ) sr . This follows by a formal integration of the equations over a small time interval ∆t → dt,
and substitution back in Eqs. (12a), keeping only terms to order g 2 /κ,
Then applying Eq. (1) yields
where we note that contributions by δ functions evaluated at the lower integral limit are reduced by a factor of 2. Hence by Eq. (7), combining Eqs. (12b) and (15), we arrive aṫ
The two transverse spin components are given in terms ofŜ − byŜ x =Ŝ − +Ŝ + andŜ y = i(Ŝ − −Ŝ + ). We thus obtain the operator equations of motion for the three spin components,
The first term in all three equations is due to the radiation reaction terms and is independent of the properties of the incident noise. The remaining terms are due to the field fluctuations and depend explicitly on the input field properties.
III. RESULTS
In the foregoing section we derived operator equations of motion for the quadratures of an oscillator and the components of a collective spin. Here we will show how these lead to equations of motion for mean values and variances and we will compare and discuss different limits of the theory.
A. Mean values and decay rates
The mean value equations discussed in this section yield the effective decay rates of the oscillator quadratures and of the spin components. From Eq. (17) we find, for the three spin components,
For a single spin,σ −σz =σ − ,σ zσ+ =σ + , andσ −σ+ = (1 −σ z )/2 and Eq. (18) reduces to the equations for the relaxation of a spin-1/2 particle in a squeezed reservoir derived by Gardiner [16] ,
The relaxation rate of the spin is reduced along the squeezed axis (y), while it is increased in the antisqueezed direction (x). In the case of an oscillator, we have, by Eqs. (1) and (11),
The oscillator damping rates are independent of N and M and hence do not depend on the statistics of the input field. To see how, for a collection of spins where the HPA is valid, the relaxation of the spin degrees of freedom is in agreement with the oscillator damping, we consider the limit of very many spins n N, M O(1) in Eq. (18) . Close to the south pole of the Bloch sphere,Ŝ z −n and we indeed obtain
equivalent to the mean value equations for oscillator quadratures (20) with γ p → nγ p . To illustrate the transition from the single spin results to the oscillator behavior close to the poles of the Bloch sphere, we consider a spin coherent state. Here all the spins point in the same direction determined by polar angles (θ, φ) on the sphere in Figure 2 such that Ŝ x = n sin θ cos φ, Ŝ y = n sin θ sin φ, and Ŝ z = n cos θ with 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π [31] ,
In such a state, the expectation values in Eq. (18) may readily be calculated, and the effective decay rates of the mean values of the total spin components at each point on the Bloch sphere are determined from our theory. It yields the evolution θ, φ|Ṡ x |θ, φ = −γ x (n, θ) θ, φ|Ŝ x |θ, φ θ, φ|Ṡ y |θ, φ = −γ y (n, θ) θ, φ|Ŝ y |θ, φ ,
where the n and θ-dependent decay rates are
In the first three panels of Figure 3 (a), we show the Bloch sphere from below. The dashed circles mark different degrees of excitation, quantified by the polar angle θ. The arrows indicates the magnitude and direction of the decay of the spin coherent state at each point, and the red lines in the second quadrants guide the eye along the spin decay. Results are shown for a single spin, five spins and fifteen spins, respectively, and for a moderate degree of squeezing (N = 0.2). In the last panel, we show the quadrature plane of an oscillator degree of freedom. Here the arrows and solid lines show the decay of the mean quadratures given by Eq. (20) . As predicted, a single spin exhibits a highly asymmetric decay where it quickly relaxes to σ y 0, while the σ x component decays on a much longer time scale. The oscillator, on the other hand, shows a completely symmetric decay in the two quadratures. As the number of spins increases, we see the expected transition between these two extremes, verifying, in this sense, the Holstein-Primakoff approximation.
We show in Figure 4 (a) the relaxation rates of the transverse spin components γ x (n, θ) and γ y (n, θ) as functions of n for different values of θ. The results are shown for N = 0.05. As emphasized in Figure 3 , a single spin has highly asymmetric rates but as the number of spins increases, the rates become similar and independent of N and M . Furthermore, the rates approach those of equivalent oscillator quadratures in the cases where the excitation is very low (θ π). by Eqs. (20) and (27) .
We can understand the fundamental difference between the single spin and the oscillator cases in terms of contributions to the decay rates from self-reaction and field fluctuations in Eq. (7). For both a weakly excited collective spin and an oscillator, self-reaction processes yield equivalent contributions, γ p /2 for the oscillator and nγ p /2 for the spins. Field fluctuations, on the other hand, do not contribute to the oscillator rate, whereas for the spins they cause spontaneous emission that in a squeezed reservoir is adjusted according to the squeezing parameters. The spin decay by self-reaction is, however, collectively enhanced by the number of spins n such that this contribution dominates the field fluctuations and the Holstein-Primakoff approximation becomes valid when many spins are present.
B. Second moments and Langevin noise
In the preceding section, we showed that while the statistics of a squeezed reservoir directly influence the decay of a single spin, this effect gradually disappears as more spins are added to the cavity. With many weakly excited spins, the decay resembles that of an oscillator and the mean relaxation is independent of the field statistics. As shown in Eq. (11), however, the input field does enter in the equations of motion for the oscillator quadratures as Langevin noise terms. Hence, where a squeezed bath influences the decay rates of single spin, it will influence the noise properties of an oscillator degree of freedom.
In this section, we probe these expectations by deriving and investigating equations of motion for the covariance matrix elements of the transverse spin components and study the limits of a single spin and of an oscillator in the case of low excitation. The non-linearity of a spin system induces non-zero higher moments and we do not expect the covariance matrix to fully characterize the evolution of collective spin states. Nevertheless, we take the (co)variances as indicators for the dynamical evolution of their dominating fluctuations.
The symmetrized covariance between two (noncommuting) observables A and B is defined as
IfÂ =B, this is the variance, V A ≡ C AA .
The evolution of the (co)variances of the spin components and of the oscillator quadratures can be derived from the equations of motion of the observables in Sec. (II). Since the input field (1) is δ correlated, when taking the time derivative of products of observables, we must employ Itô's formula [32] to obtain · ÂB =ȦB +ÂḂ +ȦḂ.
With this convention, the evolution of the oscillator quadrature covariance matrix follows from the equations of motion (11),
where we applied Eq. (1). These expressions clearly show how the oscillator equilibrates with the squeezed input field to a steady state with V X = 2N + 2M + 1 and V Y = 2N − 2M + 1. Notice that for a coherent state the +1 terms in Eqs. (27) ensure that when N = M = 0, the variances do not change from V X = V Y = 1.
We may similarly derive equations of motion for the covariance matrix elements of the x and y components of a collective spin. From Eq. (17) we find after applying commutator relations,
Note that the evolution in general depends on higher moments of the spin observables, signifying how the inherent non-linearity of spin systems does not preserve Gaussianity. For a single spin,σ iσj = i ijkσk , where ijk is the LeviCivitá symbol and i, j, k ∈ {x, y, z}, implying that all higher moments are determined by the first moments. In particular, Vσ x = 1− σ x 2 and Vσ y = 1− σ y 2 , such that, since by Eq. (19) the transverse spin components relax to zero in the steady state, their variances equilibrate to unity, independent of the squeezed environment. As discussed above, this is opposite to an oscillator degree of freedom.
To investigate how this discrepancy is bridged in the limit of many spins n N, M , we consider a spin coherent state for which we note that, e.g., V Sx is proportional to n, while Ŝ 2 z and C Sx,Sx Sz are proportional to n 2 . Hence, to leading order in n we finḋ
Close to the south pole (Ŝ z −n), where we expect the HPA to be valid, the equations simplify further,
I.e., in these limits the noise properties of the collective spin comply with the oscillator results given in Eq. (27) . The transition from the single spin to an ensemble of many weakly excited spins, is illustrated in Figure 3b by the expressions given in Eqs. (18) and (28), the states transform into those shown as open, red ellipses. The rightmost panel shows a similar plot for an oscillator prepared in a coherent state and evolved under Eqs. (20) and (27) . Dashed lines connecting the ( Ŝ x , Ŝ y ) values before and after the time evolution, respectively, show how the states move from a circular to an elliptic configuration, emphasizing the asymmetric rates of the decay. The uncertainty of a single spin evolves symmetrically in the two transverse spin components while that of an oscillator is squeezed according to the input field. As more spins are added, we see a clear transition between these two limiting cases. The resemblance of the large spin ensemble to the oscillator is more pronounced closer to the center corresponding to low excitation (cos θ −1).
These results are further quantified in Figure 4 (b), where we compare the time derivatives Eqs. (28) of the variances of the two transverse spin components as a function of the number of spins and for different mean excitations θ to those of oscillator quadratures (27) .
We note, finally, that our results confirm the findings of Ref. [33] which derives how the squeezing properties of an incoming field can be transferred to a spin ensemble and how this effect increases with the ensemble cooperativity (here equivalent to the number of spins). Reference [33] relies on a linearized model valid only for weak squeezing and considers the steady-state properties of the ensemble, whereas our treatment includes an analysis of the transient behavior and is valid for any amount of squeezing.
IV. DISCUSSION
In this work we have derived equations of motion for the first and second moments of the collective components of a spin ensemble coupled to a broadband squeezed radiation environment. We showed how the effect of the squeezing on the spin dynamics is transferred from the mean values of the components to their fluctuations as more spins are added to the ensemble. The results thereby link the limiting cases of a single spin, considered by Gardiner [16] , and of a large ensemble described well in the Holstein-Primakoff approximation [21] .
While we formulated our derivations in the Heisenberg picture, the model described in Sec. II can equivalently be treated in the Schrödinger picture by a master equation of the form [34] ,
In the case of a single spin (d =σ − ), the master equation yields (N, M )-dependent decay rates of the spin components as given in Eq. (19) . From the structure of Eq. (31) it is not apparent that this dependence is lifted once more spins are added. Explicit calculations, properly taking commutator relations into account, show, however, that the master equation reproduces our results (18) for the mean components of a collective spin (d =Ŝ − ), and that in the limit of many weakly excited spins (d =â) the squeezing dependent damping terms cancel to realize Eq. (20) . While the master equation formalism is useful for numerical calculations, it does not offer much insight into the physical mechanisms behind this transition. Our formalism emphasizes how it occurs as collective radiation reaction processes dominate vacuum fluctuations in the coupling of a large spin system to a squeezed reservoir. Furthermore, the Heisenberg picture treatment allows us to consider second moments for which equations of motion are not easily derived from a master equation. The results obtained here suggest that the results and interpretations of fluorescence spectra and correlation functions of a spin system in a squeezed bath obtained by a master equation treatment in earlier studies should be revisited [35] [36] [37] .
Ensembles of few and many effective spins have been the topic of numerous experimental studies and proposals. To mention a few, their implementations range from storage facilities for microwave excitations [38] [39] [40] and optical memories [41] [42] [43] to quantum information resources [44, 45] , gain media in lasers and masers [46, 47] , and to highly sensitive probes [46, 48? , 49] . In many of such applications and with the growing ability to engineer squeezing devices in the optical and microwave regimes [1] [2] [3] [4] , the employment of squeezed fields has the potential to enhance readout and performance. For instance, the signal-to-noise ratio in qubit readout can be exponentially increased by utilizing single-mode squeezing [50] . We believe that our simple model and main results, Eqs. (18) and (28), will be useful in the devising and evaluation of such protocols. As one example, our results quantify the circumstances under which squeezing of collective spin degrees of freedom [51] can be achieved by coupling to a squeezed radiation environment, [cf. Eq. (28) and Figure 3(b) ].
There is currently a high interest in superradiance effects and their possible applications [52] [53] [54] [55] . Superradiance is associated with the enhanced collective radiative rates attained when a significant fraction of the emitters are excited [56] . This is outside the applicability of the Holstein-Primakoff oscillator approximation but tractable by our analysis.
Besides the insights into the interplay between damping and coherent dynamics in various applications, our study emphasizes a fundamental difference of the role of field fluctuation and radiation reaction between quantum systems with infinite (the oscillator) and low dimensional (single spin-1/2) Hilbert spaces. This difference becomes evident in the interaction with a squeezed environment, and observing the transition between these two extremes as more spins are put into resonance with a cavity may pose an interesting topic for experimental investigation in its own right.
